Abstract. In this note, we prove that on an n-dimensional compact toric manifold with positive first Chern class, the Kähler-Ricci flow with any initial (S 1 ) n -invariant Kähler metric converges to a Kähler-Ricci soliton. In particular, we give another proof for the existence of Kähler-Ricci solitons on a compact toric manifold with positive first Chern class by using the Kähler-Ricci flow.
, [CT1] , [CT2] ). Indeed, our proof used a deep estimate of Perelman ([P2] , also see [ST] ). We combined Perelman's estimate with estimates on solutions of complex MongeAmpère flow appeared in [TZ3] and used an argument for C 0 -estimate on certain real Monge-Ampère equation studied in [WZ] .
The organization of this paper is as follows: In Section 1, We describe an unpublished estimate of Perelman on the time derivative of potential functions of evolved Kähler metrics along the Kähler-Ricci flow. In Section 2, we reduce the Kähler-Ricci flow to a real Monge-Ampère flow in order to get an upper bound of solutions of potential functions. Then in Section 3, we use an argument in [TZ3] to get a C 0 -estimate of solution. The main Theorem will be proved in Section 4.
1. An estimate of Perelman.
In this section, we first reduce the Kähler-Ricci flow to a fully nonlinear flow on Käher potentials. Then we discuss a recent and deep estimate of Perelman.
Let (M, g) be an n-dimensional compact Kähler manifold with its Kähler form ω g representing the first Chern class c 1 (M ) > 0. In local coordinates z 1 , · · · , z n , we have
Moreover, the Ricci form Ric(ω g ) is given by
Since the Ricci form represents c 1 (M ), there exits a smooth function h on M such that Ric(ω g ) − ω g = √ −1 2π ∂∂h.
(1.1)
The Ricci flow was first introduced by R. Hamilton in [Ha] . If the underlying manifold M is Kähler with positive first Chern class, it is more natural to study the following Kähler-Ricci flow (normalized),
where g 0 is a given metric with its Kähler class representing c 1 (M ). It can be shown that (1.2) preserves the Kähler class, so we may write the Kähler form of g(t) at a solvable time t as
for some smooth function ϕ = ϕ(t, ·) = ϕ t . This ϕ is usually called a Kähler potential function associated to the Kähler metric g(t). Using the Maximal Principle, one can show that (1.2) is equivalent to the following complex Monge-Ampère flow for ϕ(t, ·),
(1.3)
Observe that ∂ϕ ∂t | t=0 = −h. Differentiating on both sides of (1.3) on t, we have
where ∆ ′ denotes the Laplacian operator associated to the metric ω ϕ . Then it follows from the standard Maximal Principle,
and consequently, |ϕ(t, ·)| ≤ Ce t .
By using these facts and arguments in deriving the higher order estimates in Yau's solution of the Calabi conjecture [Ya] , H.D. Cao showed that (1.3) is solvable for all t ∈ (0, +∞) [Ca] . Using his W -functional and arguments in proving non-collapsing of the Ricci flow [P1] , recently, Perelman proved the following deep estimate [P2] (also see [ST] ), Lemma 1.1. Let ϕ t be a solution of Monge-Ampère flow (1.3). Choose c t by the condition
Then there is a uniform constant A independent of t such that
(1.4) Lemma 1.1 is crucial in proving our main theorem. Recall that h t is defined by (1.1) with ω g replaced by ω ϕ and can be different to a constant. In Section 3 below we will further prove that c t is uniformly bounded and so ∂ϕ ∂t is.
Upper bound of solution.
In this section, we discuss the upper bound of solution of equation (1.3) by reducing it to a real Monge-Ampère flow. We now assume that M is a compact toric manifold with positive first Chern class ( toric Fano manifold) and g is a K 0 -invariant Kähler metric on M . Then under an affine logarithm coordinates (w 1 , ..., w n ), its Kähler form ω g is determined by a convex function u on R n , namely
Hence ω
Let Ω ⊂ R n be a bounded convex polyhedron associated to the toric Fano manifold M and denote p (1) , · · · , p (m) to be the vertices of Ω. We define a convex function on R
Then the induced metric ω g 0 = √ −1 2π ∂∂v 0 can be extended as one with c 1 (M ) = [ω g 0 ] on M [BS] . The expression (2.1) implies that the gradient (moment) mapping Dv 0 is a diffeomorphism from R n to Ω and
The graph of v is a convex cone with vertex at the origin. It can be verified that
namely the graph of v is an asymptotical cone of the graph v 0 .
Let h 0 be a smooth function determined by the relation (1.1) associated to the metric
Hence by (2.2) we have, after normalization,
In general, the equation still holds for a convex function u on R n induced by a K 0 -invariant Kähler metric on M since the difference between u and v 0 can be extended as a smooth function on M . Note that Im(Du) = Ω, where Im(Du) denotes the image of gradient map of u in R n .
Now we consider Kähler-Ricci flow (1.2) with a K 0 -invariant, initial Kähler metric g which is induced by a convex function u 0 on R n . For simplicity, we may assume that u 0 satisfies inf u 0 = u 0 (o) = 0. Since K 0 -invariant preserves under the flow, we can reduce equation (1.3) to a real Monge-Ampère flow as follow,
where u = u 0 + ϕ.
Lemma 2.1. Let u = u t = u(t, ·) be a solution of equation (2.6) and u = u t = u t − c t , where c t are functions appeared in Lemma 1.1. Let m t = inf R n u t (x). Then
Proof. By Lemma 1.1, we have
It follows by equation (2.6),
for some uniform constants c 1 and c 2 . Note that
where diam(Ω) denotes the diameter of Ω. Then it is easy to see that m t is uniformly bounded from below.
To get an upper bound of m t , we use an argument in [WZ] . For any nonnegative integer k, we denote a set,
Then for any k ≥ 0, set
Note that the origin is contained in Ω. Hence the minimum m t is attained at some point in A 0 and A k is a bounded set for any k ≥ 0. By a well-known theorem [Mi] , there is a unique ellipsoid E, called the minimal ellipsoid of A 0 , which attains minimum volume among all ellipsoids contain A 0 , such that 1 n E ⊂ A 0 ⊂ E.
Let B be a linear transformation with det(B) = 1, which leaves the center of E invariant, such that B(E) is a ball B R with radius R. Then we have B R/n ⊂ B(A 0 ) ⊂ B R for two balls with concentrated center.
By equation (2.6) and Lemma 1.1, we have
where y t is the center of the minimum ellipsoid of A 0 . Then
and v ≥ u on ∂B(A 0 ), where u = u(B −1 ). Hence by the comparison principle for the Monge-Ampére operator we have v ≥ u in B(A 0 ). In particular, we have
Hence (2.7) follows. By the convexity of u, we have
Thus by (2.7), we obtain
where ω n is the area of the sphere S n−1 . We notice that the above integration is invariant under any linear transformation B with |B| = 1. Returning to the original coordinates x, by equation (2.6), we have
Hence m t ≤ C.
Let x t be the minimal point of u t and
Proof. The upper bound of sup M ϕ follows from the fact,
From (2.6), we obtain an equation for u(.),
It follows that ϕ satisfies an equation,
where h is the smooth function determined by the relation (2.5) as v 0 is replaced by u 0 . By (2.9), it is easy to see that 
for some uniform constant C 0 . Therefore by Lemma 2.1, we get
The proof is completed.
3. Generalized K-energy and C 0 -estimate.
In this section, we use the monotonicity of generalized K-energy introduced in [TZ2] and a C 0 -estimate developed in [TZ3] to get a bound of C 0 -norm of ϕ.
Let η(M ) be a Lie algebra which consists of all holomorphic vector fields on M and η 0 (M ) be a Lie subalgebra of η(M ) induced by torus T . According to [WZ] , we see that there is a holomorphic vector field X ∈ η 0 (M ) on M such that the holomorphic invariant F X (·) introduced in [TZ2] vanishes , i.e.,
Set a subspace of potential functions space by
The generalized K-energy associated to X is a functional defined in M X (ω g ) bỹ
where ψ = ψ t (0 ≤ t ≤ 1) is a path connecting 0 to ϕ in M X (ω g ) andψ = dψ dt , and θ X (ω ψ ) = θ X + X(ψ) with θ X defined by
We notice thatμ(ϕ) is just Mabuchi's K-energy [Ma] when X = 0 in the relation. One can show that for any σ ∈ Aut r (M ), ϕ σ ∈ M X (ω g ) and
where Aut r (M ) denotes a reductive subgroup of the holomorphic automorphisms group on M containing T and ϕ σ is defined by
Let σ t = exp{tX} be the one-parameter group generalized by X and ϕ ′ = ϕ ′ t be a family of potential functions given by relations
Then according to equation (1.3), ϕ ′ modula constants satisfy the following complex Monge-Ampère flow,
By using this equation, one can show
Therefore by (3.1), we get
Proposition 3.1.
Proof. Recall another functional introduced in [TZ2] ,
) which is independent of the choice of path ψ t (0 ≤ t ≤ 1) connecting 0 and ϕ [Zh] . It was proved in [TZ2] ,
for some uniform constant C. Thus by (3.4), we havẽ
By (2.10) and Proposition 2.1, we get from (3.6),
for some uniform constant c [CTZ] , where
On the other hand, applying the argument in the proof of Proposition 3.1 in [TZ3] to equation (2.9), one can show that
for some uniform constant C 0 . Then by (3.8), it follows
Thus by (2.11), it is easy to see
Therefore, By Lemma 2.1, we prove Proposition 3.1.
Corollary 3.1. Let ϕ = ϕ t be a solution of equation (1.3). Theñ
Proof. By (2.10) and (3.5), we havẽ
Then (3.9) follows from Lemma 2.1 and Proposition 3.1.
By (3.1), (3.3) and Corollary 3.1, we have
The following proposition was proved in [TZ3] .
Proposition 3.2. Let h be normalized by adding a suitable constant so that
where c t are constants appeared in Lemma 1.1.
Convergence of the flow.
In this section, we discuss the higher order estimates for a modified solution of equation (1.3) and finish the proof of Main Theorem. Let x t ∈ R n be a family of points determined in section 2. We observe that Lemma 4.1. Let i = 0, 1..., be any nonnegative integer. Then the distances between x i and x i+1 are uniformly bounded, i.e.,
Proof. Let v be the convex cone function in R n defined by (2.3). Then by Proposition 3.1, we have
and
On the other hand, by Proposition 3.2, we have
Thus combining the above relations, we get
In particular, by choosing x = x i , we see
With the help of Lemma 4.1, one can choose a family of modified points x ′ t in R n such that
by Proposition 3.1, we have
From (2.6), we see thatũ satisfies a parabolic equation
dt . Note thatX are corresponding to a family of holomorphic vector fields on M . It follows thatφ satisfies an equation
where h is normalized as in Proposition 3.2. Note that θX t =X t (u 0 ). So by Proposition 3.2, we have
Proof of Main Theorem. We shall show that the corresponding Kähler metrics ωφ associated to solution of equation (4.4) converge to a Kähler-Ricci soliton ω KS with respect to X. The proof is similar to one of Main theorem in [TZ3] . We give a sketch. First by modifying Yau's C 2 -estimate in [Ya] for certain complex Monge-Ampère equation, one obtains for the solutionφ of equation (4.4),
Then following Calabi's C 3 -estimate for complex Monge-Ampère equation [Ya] , we further get
Thus by using regularity theory for the parabolic equation, one sees easily that all C knorms of the solutionφ are uniformly bounded. Therefore, we conclude that for any sequence of functionsφ t , one can take a subsequence of the sequence which converge C k -smoothly to a smooth function ϕ ∞ on M .
Let σ t = exp{tX} and σ ′ = σ
t , where ρ t are holomorphic transformations corresponding to changes from ϕ t toφ t . Since Then (σ ′ ) * ∂ ∂t ϕ ′ is C k uniformly bounded in space, so there exists a convergent subsequence of (σ ′ ) * ∂ ∂t ϕ ′ (t i , ·). Hence by (4.6), we conclude that (σ ′ ) * ∂ ∂t ϕ ′ (t i , ·) (still use same indices t i ) converge to a constant in the C k sense, and consequently, by (4.7),
Kähler metrics ωφ t i converge to a Kähler-Ricci soliton (ω g + √ −1 2π ∂∂ϕ ∞ ) associated to the holomorphic vector field X. It remains to prove that the limit (ω g + √ −1 2π ∂∂ϕ ∞ , X) is independent of the choice of sequence of ωφ t . But the last follows from the uniqueness of Kähler-Ricci solitons proved in [TZ1] and [TZ2] . We leave the details to reader. 12
